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Abstract. We explore a curious type of equivalence between cer- 
tain pairs of reflective and coreflective subcategories. We illustrate 
with examples involving noncommutative duality for C* -dynamical 
systems and compact quantum groups, as well as examples where 
the subcategories are actually isomorphic. 



1. Introduction 

Our intent in writing this paper is to explore a special type of equiv- 
alence between certain pairs of reflective and coreflective subcategories. 
We have noticed that in certain categories involving C*-algebras, there 
is a pair of equivalent subcategories, one reflective and the other core- 
flective, and moreover this equivalence really depends only upon cer- 
tain categorical properties, and not upon the theory of C*-algebras. To 
highlight the categorical nature of this phenomenon, we will present the 
equivalence from a purely abstract category-theoretical point of view, 
and then describe several examples from C*-algebra theory. 

To give an idea of what our equivalence entails, consider subcate- 
gories Ai and A/" of a category C. Letting Inc_A4 denote the inclusion 
functor of Ai into C and F\m = F o Inc_M : Ai ^ V the restriction 
of a functor F : C — )■ P, let us say that Ai and JV are C-equivalent if 
= A/" or there exist functors S : C ^ Ai, T : C ^ such that 
T\m Ai ^ N and S\f^ : M ^ Ai are quasi-inverses of each other. 
Clearly, Ai and M are then equivalent as categories in the usual sense 
and it is easy to check that C-equivalence is an equivalence relation. 
Now assume that Ai is coreflective in C and M is reflective in C, with 
coreflector M : C ^ Ai and reflector N : C ^ A/", respectively. The 
restriction N\m is then a left adjoint of M\_\f, and in order to prove 
that Ai and J\f are C-equivalent, it suffices to show that the adjunction 
N\m H M\^ is an adjoint equivalence. When this happens may be 
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characterized in several ways. One of them involves the counit 'ijj of 
the adjunction Inc^ ^ M and the unit 6 of the adjunction H Inc_^, 
which enjoy certain universal properties by definition. We show in Sec- 
tion H] that N\_M H M\j^ is an adjoint equivalence if and only if, when 
everything is restricted to the subcategories, each of ip and 9 actually 
possesses both universal properties. 

As kindly indicated to us by Ross Street after reading an earlier draft 
of this article, our considerations may be enlarged to characterize when 
a composite adjunction gives an adjoint equivalence. For the benefit 
of specialists in category theory, we have devoted a separate section 
(Section [3]) to this more general approach. We thank Professor Street 
warmly for his permission to include this material. 

Our first main example of the reflective-coreflective equivalence in- 
volves normal and maximal coactions of a locally compact group on C*- 
algebras. It has already appeared in the literature [7], but we provide 
an alternative development, with several improvements arising from a 
close scrutiny of the underlying category theory. To avoid interrupting 
the exposition of this equivalence, we have relegated the prerequisite 
background on coactions and their crossed products to an appendix. 

Our second example deals with reduced and universal compact quan- 
tum groups. The equivalence of the two associated categories is surely 
known to experts in quantum group theory, but does not seem to be 
mentioned in the existing literature. We also include two other ex- 
amples involving tensor products of C*-algebras and group represen- 
tations, in which the subcategories are not only equivalent but in fact 
isomorphic. 

2. Preliminaries 

We record here our conventions regarding category theory. All of 
this can be found in [TU]. We assume familiarity with elementary cat- 
egory theory, e.g., adjoint functors, coreflective and reflective subcate- 
gories. However, since we want this paper to be readable by operator 
algebraists, among others, we give somewhat more detail in this pre- 
liminary section than might seem customary to a category theorist. 

Notation 2.1. If C and V are categories, we write: 

(i) Obj C for the class of objects in C; 

(ii) C{x,y) for the set of morphisms with domain x G Obj C and 
codomain y G Obj C, and / : x — )■ y in C to mean / G C(x, y); 

(iii) Ix for the identity morphism of the object x; 

(iv) (most of the time) Ff rather than F{f) for the value of a 
functor F : C — >■ P at a morphism / (although we usually 
write compositions of morphisms as f o g rather than fg). 
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Recall that a functor F : C ^ V is called full (respectively, faithful) 
if it maps C{x,y) surjectively (respectively, injectively) to V{Fx,Fy) 
for all X, ?/ G Obj C, and essentially surjective if every object in V is 
isomorphic to one in the image of F. 

If X G Obj C and G : P — C is a functor, we write x I G for the 
comma category whose objects are pairs {y,f), where y G Obj "D and 
/ : X — Gy in C, and in which h : {y, f) — )■ (2, g) means that h : y ^ z 
in V and (Gh) o f = g. Dually, we write G x for the comma category 
whose objects are pairs {y,f), where y G Obj I* and / : Gy — )• x in 
C, and in which h : {y, /) — (2, g) means that h : y ^ z in V and 
g o [Gh) = /. If Inc© : P C is an inclusion functor, we write 

X iV = X i Incx) and V I x = Inc© I x. 

In the particular case that V = C, the categories x and P 4, x are 
sometimes called slice categories. 

A more general definition goes follows: given functors F : C ^ V 
and G : S ^ V, the comma category F G has as objects all triples 
(x, y, /), with X G Obj C, y E Obj £^ and / : Fx — )■ in V, and as 
morphisms (x, y, f) — )■ (x', ?/', /') all pairs [k, h) of morphisms : x — ?■ 
x' in C, h : y ^ y' in S such that /' o (F/c) = (Gh) o /. The composite 
[k', h') o (fc, /i) is {k' ok^h' oh)., when defined. 

Recall that if x G Obj C and G : P — C is a functor, a universal 
morphism from x to G is an initial object in the comma category x J, G, 
and, dually, a universal morphism from G to x is a final object in G J, x. 

Thus, a universal morphism (m, 77) from x to G is characterized by 
the following universal property: whenever / : x — )■ Gy in C there is a 
unique morphism g in V making the diagram 

X Gu u 

IGg \\g 
V V 

Gy y 

commute, and, dually, a universal morphism {u, e) from G to x is char- 
acterized by the universal property that whenever / : Gy — > x in C 
there is a unique morphism ginV making the diagram 

y 

I 

! I 9 

y 
u 





commute. 
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Also, (n, rj) is a universal morphism from x to G if and only if for 
every y G Obj V the map (f) : T>{u, y) — )■ Gy) defined by 

0(^) = {Gg) o ?7 

is bijective, in which case we have rj = (f){lu)- Dually, (n, e) is a univer- 
sal morphism from G to x if and only if for every y G Obj V the map 
ip '■ 'D{y,u) —7- C{Gy,x) defined by 

^lj[g) =eoGg 

is bijective, in which case we have e = ip{lu)- If G = Inc© : P C, we 
refer to universal morphisms from x to V, or from V to x. A morphism 
?7 : X — )■ u in C is an isomorphism if and only if {u, rj) is a universal 
morphism from x to C. The dual statement is also true. 

A functor F : C —> V is a. left adjoint of a functor G : V ^ C, or G 
is a right adjoint of F, if there are bijections 

(p^^y : V{Fx, y) C(x, Gy) for all x G Obj C, ?/ G Obj V 

that are natural in x and ?/. In this case, we write 'F H G\ and refer 
to F H G as an adjunction from C to V. As is customary, we usually 
drop the subscripts x, y from the 0, which causes no confusion. 

If F H G, with natural bijections : V{Fx,y) — )■ C{x,Gy), then 
for every x G Obj C the pair {Fx^rjx) is a universal morphism from x 
to G, where rj^ = (p^lpx)] and for every y G Obj the pair {Gy^Sy) 
is a universal morphism from F to y, where Ey = (j)~^{lcy)- Recall 
that ?7 : Ic — GF is called the unit of the adjunction F H G, and 
e : FG — )■ I75 is the counit. 

Conversely, given a functor G : P — ?■ C, if for each x G Obj C we 
have a universal morphism (Fx, rj^) from x to G, then the map F on 
objects extends uniquely to a functor such that 77 : Ic — )■ GF is a 
natural transformation, and moreover F H G, with natural bijections 
(j) : ©(Fx, y) C(x, Gy) defined by 0(5f) = Gg o t]^^ 

If, given G: "D — )■ C, we only know that for every x G ObjC there 
exists a universal morphism from x to G, then an Axiom of Choice for 
classes says that we can choose one such universal morphism (Fx, rj^) 
for every x; thus G is left-adjointable if and only if every x G Obj C has 
a universal morphism to G. Dually, a given functor F : C — >■ P is right- 
adjointable if and only if every y G Obj V has a universal morphism 
from F. 

^Dually, if F : C — > P is a functor, and if for all y G Obj V we have a universal 
morphism (Gy, e-y) from F to y, then the map G extends uniquely to a functor such 
that e : FG — ^ Ip is a natural transformation, and moreover F -\ G, with natural 
bijections : 'D{Fx, y) C{x, Gy) determined by 4>^^{f) = £y° FJ. 
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It follows that F H G if and only if there exists a natural transforma- 
tion ?7 : Ic — )■ GF such that, for every x G Obj C, the pair [Fx^rj^) is 
a universal morphism from x to G. There is a similar characterization 
in terms of e. 

For any functor G : D — )■ C, the left adjoints of G form a natural 
isomorphism class, and dually for any functor F : C ^ V, the right 
adjoints of F form a natural isomorphism class. 

Certain properties of adjoints are related to properties of the unit 
and counit, as illustrated in the following standard lemma. 

Lemma 2.2. Let F -\ G, with unit t] and counit e. 

(i) F is faithful if and only if every rj^ is a monomorphism. 

(ii) F is full if and only if every rj^ is a split epimorphism. 

(iii) F is full and faithful if and only if r] : Iq GF is a natural 
isomorphism. 

(iv) G is faithful if and only if every Sy is an epimorphism. 

(v) G is full if and only if every Sy is a split monomorphism. 

(vi) G is full and faithful if and only if e : FG 1t> is a natural 
isomorphism. 

Adjunctions can be composed: if F : C ^ V, G : V ^ C,H : V ^ S, 
and K : S ^ V are functors with F -\ G and H -\ K, then H o F -\ 
GoK. 

Recall that if F : C — )■ P is an equivalence., so that there is a functor 
G:V such thal@ GF = Ic and FG = Iv, then F and G are called 
quasi-inverses of each other; F and G are then left and right adjoint 
of each other, and C and V are called equivalent. 

An adjunction F -\ G from C to I' is called an adjoint equivalence 
if both its unit and counit are natural isomorphisms, i.e., if both F 
and G are full and faithful (using Lemma \2.2\i : clearly, F and G are 
then quasi-inverses, and C and V are equivalent. 

A functor F : C — > P is an equivalence if only if it is full, faithful, 
and essentially surjective, in which case a functor from "D to C is a 
quasi- inverse of F if and only if it is a right adjoint of F, if and only if 
it is a left adjoint of F. 

Subcategories. A subcategory A/" of C is reflective if the inclusion 
functor lncj\f : A/" — )■ C is left- adjoint able, and any left adjoint of 
Inc_A/ is then called a reflector of C in A/". 

Such a reflector N : C ^ JV is completely determined by the choice 
of a universal morphism [Nx, 6^) from x to for each object x of C. 



Between functors, the symbol always denotes natural isomorphism. 
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The universal property says that every morphism in C from x to an 
object in J\f factors uniquely through Ox- 




Hence, if / : x — y in C, then Nf is the unique morphism in Af making 
the diagram 



X 



Nx 

! I Nf 
V 

Ny 



commute. 

The associated natural transformation 6* : Ic — )■ lncj\f oN is then the 
unit of the adjunction H Inc^. Its counit p : N o Inc_v — ^ ^at is 
the natural transformation given by letting py : Ny y he the unique 
morphism in M such that pyo6y = ly for each y G Obj Af, and {y, py) 
is then a universal morphism from N to y. 

Note that if M is full, then Inc^r is full and faithful, so the counit p 
is a natural isomorphism and 9y = p~^ when y G Obj A/". In this case 
we could in fact choose 9y = ly, i.e., we could arrange that N\^ = 1^; 
the counit p would then be just the identity transformation and the 
reflector N : C ^ M could be thought of as a sort of "projection" of C 
onto N . 

Dually, a subcategory of C is coreflective if the inclusion functor 
Inc;v4 : — )■ C is right-adjointable, and any right adjoint M of Inc_M 
is called a coreflector of C in A^. 

Such a coreflector M is completely determined by the choice of a 
universal morphism {Mx, ipx) from A4 to x for each object x of C. The 
universal property says that every morphism from an object of Ai to 
X factors uniquely through ip^: 



y e M 




Mx — — ^ X. 
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Hence, if : z — )■ a; in C, then Mg is the unique morphism in M. making 
the diagram 



Mz 
I 

Mg I ! 
Y 

Mx 



X 



commute. 

The associated natural transformation if) : Inc^j oM — >■ 1^ is then 
the counit of the adjunction Inc>i H M. Its unit a : 1m — >■ Molnc^i is 
the natural transformation given by letting ay : y ^ My be the unique 
morphism in Ai such that ^JyOCy = ly for each y G Obj Ai, and {y, ay) 
is then a universal morphism from y to M. 

Similarly to reflective subcategories, note that if A4 is full, then the 
unit (T is a natural isomorphism and ipy = a~^ when y G ObjA^. 



In this case we could choose ijjy 



i.e., we could arrange that 



M\m = ciiid the corefiector M : C ^ Ai could be thought of as 
a sort of "projection" of C onto A/". However, since this projection 
property can also be made to happen with reflective subcategories, it 
is not terrifically informative. 



3. Composite adjoint equivalence 

Throughout this section we consider categories C, Ai, and N", and 
functors /, J, M, and as shown: 



NI 




MJ 



We further assume that N -\ J and / H M; this provides us with units 
6' : Ic — 7- JN and a : 1m MI, and counits p : NJ lj\f and 
i):IM^ Ic. 

The unit rj : 1m ^ MJNI and the counit e : NIMJ 1 at for the 
composite adjunction NI H MJ are given by 

7] = Mei -a, e = p- NtpJ . 

In other words, we have: 

(3.1) 7]^ = {M6j^) o a^ for each x G Obj Ai ; 

(3.2) By = pyO (Nipjy) ioT eacli y G Obj A/". 
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We are interested in conditions ensuring that NI H MJ is an adjoint 
equivalence, i.e., in rj and e being natural isomorphisms. 

Theorem 3.1. The following conditions are equivalent: 

(i) For each x G Obj A^, (x, 6ix) is a final object in 1 1 JNIx. 

(ii) NI is full and faithful. 

(iii) rj is a natural isomorphism. 

If I is full and faithful, then conditions (i) - (iii) are equivalent to 

(iv) MOjx is an isomorphism in M. for each x G Obj M. . 
Similarly, the following conditions are equivalent: 

(v) For each y G Obj Af, {y, ifjjy) is an initial object in IMJy \. J. 

(vi) MJ is full and faithful. 

(vii) e is a natural isomorphism. 

If J is full and faithful, then conditions (v) - (vii) are equivalent to 

(viii) Nipjy is an isomorphism in M for each y G Obj M . 

An immediate consequence is: 

Corollary 3.2. The pair NI H MJ is an adjoint equivalence if and 
only if conditions (i) and (v) in Theorem \3.1\ are satisfied. 

To prove Theorem 13.11 we will use the following lemma. 

Lemma 3.3. Assume that we are given categories and functors 

P : A ^ C, F : C ^ V, G : V ^ C, Q : B ^ V 

such that F -\ G. Then the comma category FP ]^ Q is isomorphic to 
the comma category P \. GQ. 

Proof. Let (p : V{Fx,y) C{x,Gy) for x G Obj C and y G Obj P 
denote the natural bijections implementing the adjunction F -\ G. We 
define a map R from FP I Q to P l GQ as follows: set R{{a, b, f)) = 
{a,b,(j){f)) G Obj(P i GQ) for each {a,b,f) G Obj(FP ; Q), and 
set R{{k,h)) = {k,h): {a,b,(j){f)) {a' ,b' ,(j){f')) for each {k,h) : 
(a, b, f) — (a', fe', /') in FP I Q. It is routine to check that R is 
an isomorphism between the two comma categories. □ 

Proof of Theorem \'S.l\ Let x G Obj A^,i/ G Obj C. As a is the unit 
of J H M, the bijection : C{Ix,y) — )■ Ai{x,My) implementing this 
adjunction is given by 0(/i) = (M/i) o a^. Now, using Lemma [373] and 
its proof, we have 

/ i JNIx ^ ImI MJNIx = Mi MJNIx 

under an isomorphism which sends (x, Oj-j^) to 

(x, 4>{9i^)) = (x, {MOi^) o a^) = (x, ?7^) . 
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It follows that {x,dix) is final in I l J Nix if and only if {x^rjx) is 
final in the slice category Ai \. MJNIx, that is, if and only if 77^. is an 
isomorphism. 

This shows that (i) is equivalent to (iii). Lemma 12.21 gives that 
(ii) is equivalent to (iii). If I is full and faithful, then a is a natural 
isomorphism and the equivalence between (iii) and (iv) follows from 
equation (13. ip . Hence the first half is shown, and the second half 
follows in a dual way. □ 

Theorem 3.4. Consider the following conditions: 

(i) {Nx, OxOipx) is an inital object in IMx J, J for each x G Obj C. 

(ii) Nipx is an isomorphism for each x e Obj C. 

(iii) (Mx, 6^ o ip^) is a final object in 1 1 JNx for each x G Obj C. 

(iv) Mdx is an isomorphism for each x G Obj C. 
Then (i) ^ (ii) and (iii) -^^ (iv). 

If these conditions are satisfied and I and J are both full and faithful, 
then NI H MJ is an adjoint equivalence. 

On the other hand, if NI H MJ is an adjoint equivalence, then all 
four conditions above are equivalent; moreover, I and J are then both 
full and faithful whenever one of these four conditions holds. 

Proof. Let x G Obj C, y G Obj M. As 6 is the unit of H J, the 
bijection 0' : M{Nx,y) C{x,Jy) implementing this adjunction is 
given by (f)'{h) = (Jh) 06^. Further, using the properties of and 6, it 
is not difficult to check that 9x o ipx = {JNipx) o Oimx ■ 
Hence, using Lemma 13.31 and its proof, we have 

NIMx i TV = NIMx ilu - IMx i J 

under an isomorphism which sends [Nx, Nipx) to 

{Nx, (P'iNiJx)) = {Nx, (JNtPx) o OiMx) = {Nx, Ox o ^,) . 

It follows that {Nx, OxOipx) is inital in IMx I J if and only if {Nx, Nipx) 
is initial in the slice category NIMx l M , that is, if and only if Nipx is 
an isomorphism. This shows that (i) is equivalent to (ii). The equiva- 
lence of (iii) and (iv) is dual. 

If conditions (i)-(iv) are satisfied and / and J are both full and 
faithful, then a and p are natural isomorphisms, and we see from equa- 
tions fl3.ip and (13. 2 p that rj and e are natural isomorphisms, hence that 
NI H MJ is an adjoint equivalence. 

Conversely, assume that NI H MJ is an adjoint equivalence. Then 
MJ is full and faithful (Corollary 13. 2p and rjMx is an isomorphism 
(Theorem 13.11) . Since 

{MJNijx) O VMx = {MJNtPx) O MOjMx O ^Mx 
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M[{JNi)^) o OiMx) o = M{e^ o o aMx 



for each object a; in C, we see that M9x is an isomorphism if and only if 
Nipx is an isomorphism. It follows that (ii) is equivalent to (iv), hence 
that all four conditions are equivalent. If one of them holds, then (ii) 
and (iv) hold, and from equations (13.11) and (13. 2p we now see that a 
and p must be natural isomorphims; that is, / and J must both be full 
and faithful. □ 



We now apply the general theory to a curious sort of equivalence 
between full subcategories, one reflective and the other corefiective. 
We have not been able to find this type of equivalence in the category- 
theory literature. 

We let M. and M be full subcategories of a category C, with M 
reflective and M. corefiective. We will use the same notation as in the 
previous section, now with I = Itlcm and J = Inc^r- Note that I and J 
are both full and faithful since we are assuming that A4 and are full 
subcategories of C. Thus: 

Notation 4.1. 

N : C N' is a. reflector, 

6' : Ic — > Inc^r °N is the unit of the adjunction H Inc^r, 
p : N o Incj^j- 1^ is the counit of the adjunction H Inc;\^, 
M : C — )■ is a coreflector, 

ip : Inc_A4 oM — > Ic is the counit of the adjunction Inc;^ H M, and 
a : 1m — M o Inc;K is the unit of the adjunction IncM ^ M. 

Writing N\m = No Inc^n and M\j^ = Mo Inc^r, the following 
diagram illustrates this special situation: 



By composition, we have N\m H M\j\f, with unit r] : 1m — M\j^ o N\m 
and counit e : N\m o M\j^ lj\f- 

In light of Theorem 13. the following properties are of interest: 

Properties 4.2. 



4. Reflective-coreflective equivalence 



N\m 




M\m 
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(F) For each x G Obj M., (x, 6x) is a final object in J, A^x; 

in other words, (x, O^) is a universal morphism from Ai to Nx. 

(I) For each y G Obj A/", (y, is an initial object in My J, A/"; 
in other words, (y, ■i/'j^) is a universal morphism from My to M . 

These conditions may be visualized by the following commutative 
diagrams: 

M U M U 




y 



In the left half, the top part is Property 14.21 (F), and the bottom part 
is guaranteed by reflectivity of M in C. In the right half, the top part 
is guaranteed by corefiectivity of M. in C, while the bottom part is 
Property 112] (I). 

As a consequence of Theorem 13. we immediately get: 

Theorem 4.3. The following conditions are equivalent: 

(i) PropertyW^i^) holds. 

(ii) A^Ia^ is full and faithful. 

(iii) rj is a natural isomorphism. 

(iv) For each x G Obj Al, MO^ : Mx — >■ MNx is an isomorphism 
{in Al and therefore) in C. 

Similarly, the following conditions are equivalent: 

(v) Property \4.'2\ (I) holds. 

(vi) M\_\f is full and faithful. 

(vii) e is a natural isomorphism. 

(viii) For each x G Obj A^, Nip^ : NMx — Nx is an isomorphism 
{in A" and therefore) in C. 

As a corollary to Theorem 14.31 we get the following more precise 
version of [3, Proposition 2.1]: 

Corollary 4.4. The pair N\j^ H M\_^ is an adjoint equivalence if and 
only if Properties 14.21 (F) and (I) hold. 
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5. "Maximal-normal" type equivalence 

In this section we keep the hypotheses of Section HI so A/" is a full 
reflective subcategory of a category C and is a full corefiective sub- 
category of C; we also retain Notation 14.11 We further assume that the 
adjunction A^l^^ H M\j\j- is an adjoint equivalence; that is, we assume 
that both Properties 14.21 (F) and (I) are satisfied [cf. Corollary 14. 4p . 
Moreover, in order to capture the complete "maximal-normal equiva- 
lence" phenomenon exhibited by C*-coactions in [7|, we also assume 
that the following condition is satisfied: 

Hypothesis 5.1. For each x G Obj C, [Nx, 9^ oipx) is an initial object 
in the comma category Mx I M . 

Remark 5.2. Hypothesis 15 . 1 1 may be seen as a strengthening of Prop- 
erty H^l (I)- As we are also assuming that Property 14.21 (F) holds, it 
follows from Theorem 13.41 that we could equally have assumed that 
{Mx, 6x o ipx) is final in A^ J, Nx for each x G Obj C 

We immediately apply our new hypothesis: 

Proposition 5.3. N ^ N\m o M. 

Proof. It follows from Theorem 13.41 that Nifjx is an isomorphism for 
each X G Obj C. This may also be seen directly: in the diagram 

Mx NMx 
I 

i>x ! I N^l)x 

Y 

X *- Nx, 

both {NMx, 9mx) and {Nx, 9^ o ipx) are initial in Mx J, M , so the 
unique morphism Nip^ in A/" making the diagram commute in C is an 
isomorphism. 

Since is functorial and is a natural transformation, the compo- 
sition 

Ni) : A^l^ oM ^ A^ 
is natural, and the result follows. □ 

Corollary 5.4. M = M\^f o A^. 

Proof. We could argue as in the proof of Proposition 15. 3^ using Theo- 
rem 13. 4( alternatively, using Proposition 15.31 directly we have 

M\j^oN = M\^foN\MoM=lMoM = M. □ 

We can deduce various consequences of the foregoing results; for 
example. Proposition 15.31 and Corollary 15.41 immediately give: 
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Corollary 5.5. N\m o M is a reflector of C in Af, and M|_v o N is a 
coreflector of C in Ai. 

Another consequence is: 

Corollary 5.6. The following conditions are equivalent: 

(i) For every x G Obj C, ipx '■ Mx x is an epimorphism in C. 

(ii) M is faithful. 
(hi) is faithful. 

(iv) For every x G Obj C, 9^ '■ x Nx is a monomorphism in C. 

Proof. Since is the counit of IncM ^ M and 6 is the unit of H Incx, 
Lemma Ogives (i)<^(h) and (iii)<^(iv). Since A^ = N\moM and N\m 
is an equivalence, we have (ii)<^(ih). □ 

Remark 5.7. Even if we now also assume that i/jx is an epimorphism 
for every x G Obj C (or, equivalently, 6x is a monomorphism for every 
X G ObjC), N : C ^ M itself can still fail to be an equivalence of 
categories: A^ is faithful by Corollary 15. 6[ and it is essentially surjective 
because the counit p is a natural isomorphism. But, although 6^ '■ x ^ 
Nx is a monomorphism for all a: G C, it is in general not an isomorphism 
for all X, in which case 6^ will not be a split epimorphism, and hence 
by Lemma 12.21 A^ is not full. The point we are making here is that this 
is the only property of equivalences that A^ can fail to possess. 

Similarly, the coreflector M : C — )■ is then faithful (by Corol- 
lary [5l6] again) and essentially surjective (because the unit a is a natural 
isomorphism), but in general will not be full. 

Remark 5.8. Hypothesis 15. as well as the assumptions in 
Remark 15.71 are satisfied in the examples given in Section [61 But we 
don't know whether it is necessarily true that 6x is an epimorphism 
for all X G Obj C and that ipx is a monomorphism for all x G Obj C, 
although these properties are satisfied in our examples. 



6. Examples 

All our examples will involve C*-algebras. We record here a few 
conventions which are not totally standard. By a homomorphism from 
a C*-algebra (or just a *-algebra) into another, we will always mean 
a *-homomorphism. If X and Y are *-algebras, X QY will represent 
the algebraic tensor product; if X and Y are C*-algebras, X ^Y will 
represent the minimal {i.e., spatial) C*-tensor product [12l Chapter 6]. 
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6.1. Coactions. Our first — in fact tlie "original" — example of 
the "maximal-normal" equivalence involves coactions of groups on C*- 
algebras. 

Fix a locally compact Hausdorff group G. Coactions of G on C*- 
algebras are dual to actions; see [8] for an introduction (including an 
exposition of the equivalence we will now describe), or jH Appendix A]. 

We will give here a development of the equivalence between maximal 
and normal coactions of G. Most of the main results have appeared 
in the literature (mainly in [7]), but we will give an alternative de- 
velopment, with new proofs, and, in some cases, improvements upon 
existing results. We emphasize that these improvements arose from a 
close scrutiny of the underlying category theory. 

One of our motivations for making this exposition essentially self- 
contained is that we find the existing literature on group coactions 
somehow unsatisfying, and in particular we sometimes find it inconve- 
nient to dig specific results out of the currently available papers. 

For the theory of coactions, we adopt the conventions of |4j. All our 
coactions will be full and coaction-nondegenerate. 

Notation 6.1.1. 

(i) C* will denote the category whose objects are C* -algebras and 
whose morphisms are nondegenerate homomorphisms into mul- 
tiplier algebras, so that (p : A ^ B in C* means that : 
A — )■ M{B) is a homomorphism such that (j){A)B = B. For 
such a homomorphism, there is always a canonical extension 
(j) : M{A) — > M{B), and we have (for example) ip o (j) = ijj o (j) 
when tp : B ^ C in C* . 

(ii) C{G) will denote the category whose objects are coactions of 
G on G* -algebras, and whose morphisms are morphisms of C* 
that are equivariant for the coactions, so that (p : {A, S) — )■ 
{B,e) in C{G) means that the diagram 



A 



s 



A®G*{G) 



B 



£ 



B®G*{G) 



commutes in C*. 



In this example of the maximal-normal equivalence, the coreflective 
and reflective subcategories of C* are given by the maximal and normal 
coactions, respectively. To introduce these, it behooves us to say a 
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few words about crossed-product duality for C*-dynamical systems: for 
every coaction [A, 6) there is a crossed product C*-algebra, denoted 
A Xs G, that encodes the representation theory of the coaction, and 
there is a dual action 6 of G on A xs G and a canonical surjection 

<!> : AxsG x^G ^ A^ IC{L^{G)), 

where JC denotes the compact operators. {A, 6) is maximal if $ is an 
isomorphism, and normal if $ factors through an isomorphism of the 
reduced crossed product by the dual action: 

AxsG xjG A^JC 
Axi,G x^_^, G, 

where A is the regular representation. The full subcategories of C(G') 
obtained by restricting to maximal or normal coactions will be denoted 
by C^{G) and C^{G), respectively. 

In practice, the following normality criterion is often useful: a coac- 
tion (v4,5) is normal if and only if j a : ^ — ^ Mi^A x^ G) is injective, 
where Ja is the "A-part" of the canonical covariant homomorphism 
(jA, Jg) of Go{G)) in the multiplier algebra of the crossed product. 
It is also useful to note that we can take 

Ja = (id ® A) o 5, 

where A is the left regular representation of G. 

Notation 6.1.2. For any object {A, 6) in C{G), an object {{B, e), (p) in 
the comma category C"^{G) l {A, S) will be denoted simply as a triple 
e, (p), and similarly for the comma category {A, 6) l C"'{G). 

Thus, to say {B,e,(f)) is an object in C"^{G) i {A, 6) means that 
{B,e) is a maximal coaction and 0:5—)- M{A) is a nondegenerate 
homomorphism that is e — 5 equivariant, i.e., cf) : {B,e) — [A, 6) in 
C{G). 

Definition 6.1.3. Let [A, 5) be a coaction. 

(i) A normalizer of {A, 6) is an initial object {B, e, rf) in {A, 5) J, 
C^{G), and we say {B,e) is a normalization of [A, 6). 

(ii) A maximalizer of {A, 6) is a final object {B,e,() in C"^{G) J, 
{A, 6), and we say {B,e) is a maximalization of [A, 6). 

Remark 6.1.4. Note that just knowing that {B,e) is a normalization 
of {A, 6) doesn't uniquely determine a normalizer — indeed, in general 
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there will be many normalizers for a single normalizatioT^. Our choice 
of terminology (particularly "normalizer" ) was designed to allow us to 
keep track of this distinction. Similarly for maximalization. 

Normalizations. We need to know that normalizations exist: 

Proposition 6.1.5 ([131 Proposition 2.6]). If {A, 6) is a coaction, then 
jA '■ (jyi(^); Ad Jg) o normaUzcr. 

In the above proposition, we've committed a mild abuse of notation: 
by our earlier use of the notation "Ad", Adjc would refer to an inner 
coaction, for example on A G; here of course we are using the same 
notation for the restriction of Adjc to jA{A). Moreover, we should 
formally have said Ad jcj^i) is a normalizer". We will from 

now on sometimes be sloppy and refer to an object (y, /) in a comma 
category just by the morphism /. 

Proof. Corollary IA.14I tells us that ja is a morphism of (A, 5) to the 
normal coaction (jyi(y4). Ad jc), and by construction ja is surjective. 
Let : (A, 5) — >■ {B,e) in C{G) with {B,e) normal. We need to know 
that there is a unique morphism p in C{G) making the diagram 

(A,5)^(j^(A),Adjc) 
I 

! I P 
Y 

(5,5) 

commute. It suffices to show that kerjyi C ker0. By functoriality of 
crossed products, we have a commutative diagram 

A^^AxsG 
B ^B x,G, 

JB 

SO that 

ker jA C ker((0 x G) o Ja) = ker(jB o 0) = ker 

because Jb is injective. □ 

Upon examining the above particular normalizer, we discern a hidden 
property: 

Corollary 6.1.6. Every normalizer is surjective. 




"'and every normalizer can be obtained from any particular one by pre- (alter- 
natively, post-) composing with an automorphism of the respective coaction 
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Proof. This follows immediately from the following two observations: 
it is true for the particular normalizer in Proposition 16.1.5^ and all 
normalizers are isomorphic by universality of initial objects. □ 

In the following characterization of normalizations, the proof of the 
converse direction is essentially due to Fischer [5l Lemma 4.2] (see also 
[21 Lemma 2.1] — the hypothesis in [5] that the homomorphisms map 
into the C*-algebras themselves rather into the multipliers is not used 
in the proof of [3l Lemma 2.1]). We say "essentially" regarding [5] 
because Fischer doesn't explicitly address equivariance. 

Proposition 6.1.7. An object [3,6,7]) of [A, 6) 4 (^"(G) is a normal- 
izer if and only if the morphism 

T] X G : A xs G ^ B G 

in C* is an isomorphism. 

Proof. First assume that {B,e,ri) is a normalizer. By Lemma lATTll to 
see that rjx G : AxsG^Bx^G is an isomorphism it suffices to show 
that {B x^ G,jB o V^Jg) is a crossed product of {A, 6). Since rj is sur- 
jective by Corollary 16.1.6^ i? G is generated by Jb ° 'n{^)jG{Co{G)). 
Thus by Lemma IA.6I it suffices to show that every covariant homomor- 
phism (tt, yu) of {A, S) factors through {js o i], jc) ■ By universality there 
is a unique morphism p in C{G) making the diagram 

{A,6)^L^{B,e) 
I 

! I P 

(C,Ad^) 

commute. Then by Lemma [A. 3 [ (p, /i) is a covariant homomorphism of 
{B, e) in M{G), and the morphism p x fi : B x^ G ^ G in C* satisfies 

{p X p) o js or] = por] = 71, 

and of course 

(P X /^) o 3g = /i- 

Conversely, suppose x G is an isomorphism, and let {G, 7, 0) be 
an object in {A, 6) I C^iG). We need to show that there is a unique 
morphism ip in C{G) making the diagram 

{A,5)^{B,e) 

^\ ! I 

(C,7) 
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commute. It suffices to observe that ker0 D ker?7, since 
jc o = (0 X G) o 

= {<j)xG)o{r]xGy'o{7^xG)ojA 

= {(j) X G) o [r] X G)~^ o jB°r] 
and jc is injective. □ 

Remarks 6.1.8. (i) For the first half of the above proof, we could have 
alternatively arguedj as in Proposition 16.1.111 below: note that by Corol- 
lary IA.15I and Lemma 16.1.51 there is at least one normalizer (C, 7, a) 
for which a x G is an isomorphism, and since any two normalizers are 
isomorphic it follows that t] x G is also an isomorphism. 

(a) Since Corollary IA.15I shows that j a x G is an isomorphism, the 
above proposition implies that {jA{A), Adjc, Ja) is a normalizer, giving 
an independent proof of Lemma 16.1.51 

Notation 6.1.9. For every coaction {A,S) we make the following 
choice of normalizer q"- : {A, 6) — )■ (A",^'^).- 

• = A/kerjAi 

• S"' is the unique coaction ofG on A^ corresponding to the coac- 
tion Ad jc under the canonical isomorphism A"- = jA{A); 

• = q^A s) '■ A ^ A^ is the quotient map. 

Thus it follows from Proposition 16.1.51 that there is a unique func- 
tor Nor : C{G) C"(G) that takes each object (A, 5) to (A", 5") and 
is a left adjoint to the inclusion functor, so that C"(G) is a reflective 
subcategory of C{G) and Nor is a reflector, with unit g". Moreover, 
by our construction we can identify the normalization of every normal 
coaction with itself, so that the counit of this reflector is the iden- 
tity transformation on the identity functor on the subcategory 
What the normalization functor does to morphisms is characterized as 
follows: if : {A, 6) — )■ {B,e) in C{G), then the normalization of (f) is 
the unique morphism 0" in C"((j>')|l making the diagram 

(A, (A", 5") 

commute. 

^and in fact there is some redundancy in the results presented here 
^indeed, unique in C(G), since the subcategory C"'(G) is full 
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Maximalizations. The existence of maximalizations is established in 
[21 Theorem 3.3] and O Theorem 6.4]. The construction in [5] is non- 
canonical (involving a choice of minimal projection in the compacts), 
while Fischer's construction in [5] is canonical (involving an appropri- 
ate relative commutant of the image of /C in the multipliers of the 
double crossed product). However, having a specific formula for max- 
imalizations has not turned out to be particular useful, and in fact 
from a categorical perspective is clearly deprecated. In certain situa- 
tions where the cognoscenti "know" what the maximalization should 
be, we'll be careful to say "a maximalization" (or "a maximalizer" ) . 
For instance, if {A, G, a) is an action, then the regular representation 

A: {AXaG,a) ^ {A Xa,r G, a") 

is the normalization of the dual coaction on the full crossed product, but 
is only a maximalization of the dual coaction on the reduced crossed 
product. The point is that, given only the coaction [A x^^r G, a"), we 
can't reconstruct what the action {A, a) was, and so we can't recon- 
struct the full crossed product. Again, Fischer tells us how to pick a 
canonical maximalization, but we will not do that. 

As with normalizers, we have an automatic surjectivity for maximal- 
izers: 

Lemma 6.1.10. Every maximalizer is surjective. 

Proof. The argument is similar to Corollary 16.1.61 the maximalizers 
constructed in both [3] and [S] are surjective, and by universality all 
maximalizers are isomorphic. □ 

Proposition 6.1.11. An object (i?,£:,C) ofC"^{G) | {A, 5) is a maxi- 
malizer if and only if the morphism 

C X G : B x,G ^ AxsG 

in C* is an isomorphism. 

Proof. First suppose that {B, e, Q is a maximalizer. To see that ( x G 
is an isomorphism, it will suffice to know that there is at least one 
maximalizer (C, 7, a) for which cr x G is an isomorphism; for example, 
this holds for the constructions of maximalizers in both [5] and [3]. By 
universality of maximalizers there is an isomorphism 



9:iB,e,0^{C,j,a). 
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Then in particular 9 gives an isomorphism {B,e) = {C, 7) of coactions, 
and we have a commuting diagram 



TxG 




A xs G. 

Thus C X G is an isomorphism. 

Conversely, suppose that C x is an isomorphism, and let (C, 7, </>) 
be an object in C^{G) J, (A, 5). We need to show that there is a unique 
morphism if) in C{G) making the diagram 




{A, 8) 



commute. 

Consider the diagram 



C 



id®l 



C®1C 



GxGxG 




y 

B 




A 



id(g)l 



id(g)l 




A®K 





(xGxG 



b®k: 



BxGxG 



in C*, where we define 

a = $^ o (C X G X GY^ o (0 X G X G) o ($c)"\ 

so that the diagram (without ip) commutes. We must show that there is 
a unique morphism ^^ making the left triangle commute, and moreover 
that t/' is 7 — e equivariant. 

Note that by crossed-product duality theory we have 



cr 



Lm(B) 



id 



ic- 



It follows that a maps C®1m{k) into (the canonical image in M{B®K,) 
of) M{B) (g) Ijc- Thus there is a unique homomorphism : C ^ M{B) 
such that 

a = tp^ 1m{k:), 
and moreover ip is nondegenerate since a is. 
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For the equivariance of ip, note that, again by the general theory 
of crossed-product duahty, the morphism a is (7 ®* id) — {e ®* id) 
equi variant, where by we mean that, in order to have an honest 

coaction, tensoring with id^: must be followed by a switching of the last 
two factors in the triple tensor product, so that, for example, 

7 (8)=, id = (id® S) o (7 (g)id), 

where 

S : C*(G) ®/C ^ /C®C*(G) 
is the flip isomorphism. Thus we have 

(id (g) S) o ((e ot/j)(g) id) = (id (g) S) o (e (g id) o {t/j (g) id) 

= {e (g* id) o a 
= (cr (g id) o (7 (g^ id) 
= (^/^ (g id (g id) o (id (g S) o (7 (g id) 
= (id (g S) o (?/; (g id (g id) o (7 (g id) 

= (id® S) o (^((^Z^® id) 07) ®id), 

so because id (g S is injective we have (e o ?/;) (g id = ((?/; (g id) 07)® id, 
and therefore e o ■?/; = (■?/; (g id) o 7. □ 

Remarks 6.1.12. (i) The above property of giving isomorphic crossed 
products was in fact the definition of maximalization given in [5] and 
[3] . In Definition 16.1.31 we use the universal property as the definition 
because it can be stated completely within the original category. Also, 
in [5] and [3] the property involving isomorphic crossed products was 
only shown to imply the universal property of Definition 16.1.31 not that 
the two properties are in fact equivalent, as proved above. 

(a) In [3, Lemma 3.2] it is shown that in fact any morphism : 
{A, 6) — (-B, 6) in C{G) for which (p x G is an isomorphism is surjec- 
tive. Moreover, in [TJ Proposition 3.1] it is shown that is in fact an 
isomorphism if either {A, 6) is normal or {B, e) is maximal. 

Notation 6.1.13. For every coaction {A, 6) we assume that a maxi- 
malizer 

has been chosen, with the proviso that if {A, 6) is maximal then 
{A'^^S"") = {A,6) and g"* = id^. 

Thus it follows that there is a unique functor Max : C{G) — C"^{G) 
that takes each object {A, 6) to (A"*, 6"^) and is a right adjoint to the 
inclusion functor, so that C"*(G) is a coreflective subcategory of C{G) 
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and Max is a coreflector, with counit g'". Moreover, since we have 
chosen the coreflector to do nothing to maximal coactions, the unit of 
this coreflector is the identity transformation on the identity functor 
on the subcategory C™(G). What the maximalization functor does to 
morphisms is characterized as follows: if : {A, 6) — )■ {B,e) in C{G), 
then the maximalization of is the unique morphism (p"^ in C'^(G)lj 
making the diagram 

commute. 

We have now defined a coreflector Max : C{G) — C™(G) and a 
reflector Nor : C{G) — )■ C"(G'). The following two lemmas show that 
Max and Nor satisfy Properties 14.21 (F) and (I). 

Lemma 6.1.14. Let {A, 5) he a normal coaction. Then not only is 
g™ : (A™", 5™) — {A, 6) a maximalizer, it is also a normalizer. 

Thus, not only is final in C"^{G) i {A, 6), it is also initial in 
{A"',S"') IC'iG). 

Proof. {A, 5) is normal, so (A, 5, g™) is an object of (A™, 5™) i C"(G). 
Since q"^ x G : A™ x^m G — )■ A G is an isomorphism, the result 
follows from Proposition 16.1.71 □ 

Lemma 6.1.15. Let {A, 6) be a maximal coaction. Then not only is 
g" : {A, 6) — (A", 5") a normalizer, it is also a maximalizer. 

Thus, not only is g" initial in {A, 6) l C^{G), it is also final in 

Proof. The proof is similar to the above: [A, 6) is maximal, so {A, 6, g") 
is an object of C'"(G) ; {A"", S""). Since g" x G : A x^ G ^ A" x^n G is 
an isomorphism, the result follows from Proposition 16.1.111 □ 

Corollary 6.1.16 ([TJ Theorem 3.3]). Nor |c7n(G') H Max |c7i(g) is an 
adjoint equivalence. In particular, Nor|cm(-(^) : C'^(G) — C"(G) is an 
equivalence, and Max |c"(g) is a quasi-inverse. 

Proof. This follows immediately from the above two lemmas and Corol- 
lary 1131 □ 



^indeed, unique in C(G), since the subcategory C'"(G) is full 
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We now show that Max and Nor satisfy the extra property recorded 
in Hypothesis 15.11 and its dual analog mentioned in Remark 15.81 

Lemma 6.1.17. Let {A, 5) be a coaction. Then g" o g"* : (A™, 5*") — )■ 
{A^, 6"^) is both a normalizer and a maximalizer. 

The notation in the above lemma is unambiguous, but just to be 
clear: in the composition o the maps are 

g'^ : A ^ A" and g"^ : A™ -> A. 

Proof. We only prove the first statement; the second one is similar. The 
coaction (A", 5") is normal, and g" o g™ is an equivariant surjection, 
since g" and g™ are. By functoriality of crossed products, we have 

(g" X G) o (g'" X G) = (g" o g™) x G : A™ x^™ G ^ A" x^,. G. 

Since both g" x G and g™ x G are isomorphisms, so is (g" o g™) x G. 
Thus g" o g™ is a normalizer, by Proposition 16.1.71 □ 

The following three consequences may be new, and result from care- 
ful consideration of the categorical perspective: 

Corollary 6.1.18. Nor = Nor |c-(G)oMax anc? Max = Max |cn(G)oNor. 

Proof. This now follows immediately from Proposition 15.31 and Corol- 
lary [531 □ 

Corollary 6.1.19. Max an Nor are both faithful. 

Proof. Since maximalizers are surjective, they are epimorphisms in 
C(G), so this follows immediately from Corollary 15.61 □ 

Corollary 6.1.20. If {A, 6) is a coaction, then the map g" : {A, 6) — t- 

[A^jS"^), and hence every normalizer of {A, 6), is a monomorphism 
znC(G). 

Proof. The first part follows immediately from Lemma \2.2\ and then 
the second part follows since any two normalizers of {A, 6) are isomor- 
phic in C(G). □ 

Remark 6.1.21. The preceding corollary surprised us at first. Cer- 
tainly q"- : A ^ A"- is not generally a monomorphism in C* , because 
it would then have to be injective, which it frequently fails to be — 
for example, if G is a locally compact group then g" : {C*{G),6g) 
{C*{G),Sq) is the integrated form of the regular representation, which 
is noninjective if G is nonamenable. 

It is instructive to repeat Remark 15.71 in the present context: let us 
examine exactly how the functor Nor : C(G) — ?■ C"(G) itself fails to be 
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an equivalence of categories. We have seen that Nor is faithful, and 
it is not only essentially surjective, as any reflector in a full reflective 
subcategory must be, but in our case is actually surjective on objects, 
because we have insisted that the reflector satisfy 



Thus the unit g", although it is always both an epimorphism and a 
monomorphism in C{G), is not generally an isomorphism. In partic- 
ular, it is not a split epimorphism, so by Lemma 12.21 Nor is not full, 
and that is the only property of equivalences that it fails to possess. 

6.2. Compact quantum groups. Our next example of the reflective- 
coreflective equivalence involves compact quantum groups as defined by 
S.L. Woronowicz [HI [15] - see also |9l[TTl|2]. For the ease of the reader, 
we begin by recalling some basic facts about these objects. 

A compact quantum group [A, A) consists of a unital C*-algebra A 
(with unit 1 = 1^) and a unital homomorphism A:A^A®A (called 
the co-multiplication) satisfying 



and such that the linear spans of (1 ® A)A{A) and {A ® 1)A{A) are 
each dense in A ^ A. For any compact quantum group {A, A), there 
exists a unique state h = on A, called the Haar state of {A, A), 
which satisfies 



(These conditions are known, respectively, as left- and right-invariance 



By a Hopf *-subalgebra A of {A, A) we mean a Hopf *-algebra A 
which is a unital *-subalgebra of A with co-multiplication given by 
restricting the co-multiplication A from A to A. (As a Hopf *-algebra, 
A has a co-unit and a co- inverse, but they won't play any role in our 
discussion). 

Any compact quantum group {A, A) has a canonical dense Hopf 
*-subalgebra A, called the associated Hopf *-algebra of (A, A); A 
is the linear span of the matrix entries of all finite dimensional 
CO- representations of (A, A). Here, when n G N, an n-dimensional 
co-representation of (A, A) means a unitary matrix U = {uij) G M„(A) 
satisfying 



Nor |c"(G) — l|c"{G)- 



(id (g) A) o A = (A O id) o A 



(/;, (g) id) o A = (id (g) /i) o A = h{-)l. 



oik.) 



n 




k=l 
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The associated Hopf *-algebra of {A, A) is the unique dense Hopf *- 
subalgebra of {A, A) (see the appendix of [2] for a proof). It is known 
(c/. [15]) that the Haar state of {A, A) is faithful on A, but not on A 
in general. 

Now let {A, A) and {B, A') be compact quantum groups with asso- 
ciated Hopf *-algebras A and B, respectively. A quantum group mor- 
phism from {A, A) to {B, A') is a unital homomorphism tt : A ^ B 
satisfying 

A' o vr = (vr (g) vr) o A. 

Using this equation, one easily sees that if U = {uij) G Mn{A) is 
a co-representation of (A, A), then V = (7r(njj)) G Mn{B) is a co- 
representation of (5, A'). It follows that 7r(^) C B. 

The obvious category whose objects are compact quantum groups 
and morphisms are quantum group morphisms has too many mor- 
phisms for our purposes; our category C will be obtained by considering 
only those morphisms satisfying a certain natural condition. The fol- 
lowing lemma illustrates two ways of describing this condition. When- 
ever vr satisfies one of these equivalent conditions, we will say that vr is 
a strong quantum group morphism. 

Lemma 6.2.1. Let -k be a quantum group morphism from {A, A) to 
{B, A'). Then the restriction of it to A is injective if and only if = 
Kb o-K. 

Proof. Assume first that vr|_4 : A^ B is injective, and set h' = Hb o vr. 
We will show that h' = h^. 
Let a & A. Then we have 

7i{h'{a) 1a) = h'{a) Ib = /iB(vr(a)) 1b = {{Hb ® id^) o A')(vr(a)) 

= ((/iB ® ids) o (vr® vr))(A(a))) = vr((/i' ® idA)(A(a))). 

As A(a) G ^ ^, we have {h' idA)(A(a)) G A. The injectivity of vr 
on A then implies that {h' (g) idyi)(A(a)) = h'{a) 1a- 

In the same way, one gets (id^ ® h'){A{a)) = h'{a) 1a- Hence the 
state h' is left- and right-invariant on A, and therefore also on A, by 
density of A and continuity of the involved maps. By the uniqueness 
property of the Haar state on A, it follows that h' = Ha, as desired. 

Assume now that Ha = hB o tt- To show that vr is injective on A, 
consider a ^ A satisfying vr(a) = 0. Then we have 

hA{a*a) = hB{Ti{a*a)) = /iB(7r(a)*vr(a)) = /i_B(0) = 



But Ha is faithful on ^, so a = 0. 



□ 
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It is straightforward to check that the usual composition (as maps) 
of two strong quantum group morphisms, whenever it makes sense, is 
again a strong quantum group morphism. The following definition is 
therefore meaningful. 

Definition 6.2.2. The category C has compact quantum groups as ob- 
jects. Its morphisms are strong quantum group morphisms. Compo- 
sition of morphisms is given by usual composition of maps, while the 
identity morphisms are just the identity maps. 

Reduced compact quantum groups. Let {A, A) be a compact quantum 
group with associated Hopf *-algebra A. The left kernel A^^ = {a G 
A I /iyi(a*a) = 0} of is then known to be a two-sided ideal of A. Set 
Aj. = A/Na and let 6a denote the quotient map from A onto A^. 

The C*-algebra A^ can be made into a compact quantum group 
(y4i.,Ar), called the reduced quantum group of {A, A) {cf. [H] and [H 
Section 2] for details): 

The co-multiplication is determined by the equation Aj. o 6*^ = 
{9a ® Oa) o a. The quotient map 9a is injective on A and 9a{A) is 
the Hopf *-algebra of (Ar, Ar). In particular, this means that 9a is a 
morphism in C from {A, A) to {A^,Aj.). Moreover, the Haar state of 
{Aj., Aj.) is faithful and is the unique state h,. of A^. such that Ha = 
/ir o 9a- 

We will say that {A, A) is reduced whenever Ha is faithful on A, 
i.e. whenever A'^ = {0}, in which case we will identify (Ar, Ar) with 
{A, A). Clearly, the reduced quantum group of any {A, A) is reduced. 

Definition 6.2.3. The category TZ is the full subcategory of C whose 
objects are reduced compact quantum groups. 

To see that reduction gives a functor R from C to TZ, we will use the 
following lemma. 

Lemma 6.2.4. Let it be a strong quantum group morphism from (A, A) 
to {B, A'). Then there exists a unique strong quantum group morphism 
TTr from {At:, Ar) to {Bj-, AJ.) such that Tir o 9a = 9b o 71, that is, making 
the diagram 



{A A) 



{A, A,) 



TT 



{B,A') 




commute. 
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Proof. As hA{a*a) = hB{i^{a)*i^{a)) for a G A, it follows readily that 
'^{Na) ^ Nb\j Hence we may define Hj. : ^ by 

7rr(^A(a)) = ^B(7r(a)), a G A. 

It is easy to check that A^otTi-o^^ = (7ri.(8)7ri.)oAi.o6'^. This implies that 
vTr is a quantum group morphism from (Ar, Aj.) to A^) satisfying 
n,- o 6a = 0B ° TT. 

Letting hr and /i^ denote the respective Haar states of (Aj., A^) and 
(-Br, A^), we have 

{h[ o TTr) o 6a = h[ o 9b o 'n' = hs o IT = hA- 

From the uniqueness property of h^-, we get /ir = h'^. o n^, so is a 
strong quantum group morphism. The uniqueness property of tTi. is 
evident. □ 

If now TT and vr' are two composable morphisms in C, it is straight- 
forward to deduce from the uniqueness property that (7ro7r')i. = tTi-ott^. 
Hence, we may define R as follows. 

Definition 6.2.5. The functor R : C ^ TZ takes each object (A, A) 
in C to (Af, Aj.) in TZ, and each morphism tt in C to the morphism n,. 
in TZ. 

Proposition 6.2.6. The functor R is a left adjoint to the inclusion 
functor \nc'ji : TZ ^ C, and the unit 6 of R -\ Inc?^ is given by 6^ = 6a 
for each x = {A, A) in C. In particular, TZ is reflective in C. 

Proof. For each compact quantum group x = {A, A), let 6^; : x ^ Rx 
be the morphism in C given by 6^ = Oa- Then Lemma 16.2.41 implies 
that the map 6 which sends each x to 6^ is a natural transformation 
from Ic to IncT^ oR. 

Moreover, Lemma [6.2.41 also implies that {Rx, 6x) is a universal mor- 
phism from X to 7^ for each object x = [A, A) in C. Indeed, consider 
an object y = {B, A') in TZ and a morphism n : x y in C. Then 
{Bj., A'j.) = {B, A') = y and 6b = id^. Hence Hj. : Rx y is the unique 
morphism in TZ such that tt = tTj. o 6*^. 

This shows that R H Inc-ji and 6 is the unit of this adjunction. □ 

Universal compact quantum groups. Let {A, A) be a compact quantum 
group with associated Hopf *-algebra A. We recall the construction 
of the universal compact quantum group associated to {A, A) {cf. ^ 
Section 3] for more details). 



'^Tliis is not necessarily true if tt is not strong. Consequently, Lemma 16.2.41 is 
not true for general quantum group morphisms. 
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When a E A, set ||a||^ = sup^ ||0(a)||, where the variable runs over 
all unital homomorphisms from A into any unital C*-algebra B. The 
function || ■ : ^ — )> [0, oo] is then a C*-norm on A which majorises any 
other C*-norm on A. Let A^^ be the C*-algebra completioiu of A with 
respect to the C*-norm \\-\\^- As usual, we identify A with its canonical 
copy inside A^. The C*-algebra has the universal property that 
every unital homomorphism from ^ to a unital C*-algebra B, extends 
uniquely to a unital homomorphism from to B. 

In particular, A : A ^ AQ A(^ A^^ A^ extends to a homomor- 
phism 

and (Au, Au) is then seen to be a compact quantum group, called the 
universal quantum group of {A, A). Since A is, by construction, a dense 
Hopf *-subalgebra of (Au, Au), it is the Hopf *-algebra associated to 
(y4u, Au), by uniqueness. 

By the universal property of Au, there is a canonical homomorphism 
ipji from A^^ onto A extending the identity map from A to itself. Then 
A o ip^ = (-j/)^ (g) ip^) o Au, and Ha o ipA is the Haar state of (Au, Au), 
which just means that ipA is a morphism in C from (Au, Au) to (A, A). 

A compact quantum group (A, A) is called universal if ipA is injec- 
tive. Equivalently, (A, A) is universal if, and only if, the given norm on 
A is its greatest C*-norm. Obviously, the universal compact quantum 
group associated to any (A, A) is universal. 

Definition 6.2.7. The category U is the full subcategory of C whose 
objects are universal compact quantum groups. 

To see that universalization gives a functor U from C to W, we will 
use the following lemmaj^ 

Lemma 6.2.8. Let tt be a strong quantum group morphism from (A, A) 
to (5, A'). Then there exists a unique strong quantum group morphism 
TTu from (Au, Au) to (i?u, A^) such that ipB^T^n = '^°'ipA, that is, making 
the following diagram commute 

(Au,Au) — (A,A) 



(i?u,A:,) — (i?,A') 



^As such a completion is unique only up to isomorphism, we actually make a 
choice here for each compact quantum group. 

^As will be apparent from its proof, Lemma 16.2.81 is also valid if we consider 
quantum group morphisms instead of strong quantum group morphisms. 
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Proof. We have n : A ^ B B^. Hence, by the universal property 
of we may uniquely extend this map to a unital homomorphism 

Let a & A. Then we have 

(7r„ ® 7r„)(A,(a)) = (vr ® 7r)(A(a)) = A'(7r(a)) = A;,(7r,(a)). 

By density of A and continuity, we see that tTu is a quantum group 
morphism. As tTu agrees with tt on A, tTu is injective on A. Hence, tTu 
is a strong quantum group morphism. 

Further, as ipB o vr^ = vr = tt o ?/;^ clearly holds on A, we have 
V'fi o = TT o (again by density of A and continuity). Finally, if 
is a another morphism which satisfies ipB ° 4' = ° 'ipA, then (j) agrees 
with TT on so = tt^. □ 

If now TT and n' are two composable morphisms in C, it is straightfor- 
ward to deduce from the uniqueness property that (vr o ti')^ = o tt^. 
Hence, we may define U as follows. 

Definition 6.2.9. The functor U : C ^ U takes each object (A, A) 
in C to (y4u, Au) in lA, and each morphism n in C to the morphism tTu 
in U. 

Proposition 6.2.10. The functor U is a right adjoint to the inclusion 
functor \n.ci( : U ^ C and the counit ip of the adjunction Incu H U 
is given by ipy = ipB for each y = {B,A') in C. In particular, U is 
corefiective in C. 

Proof. For each compact quantum group y = {B,A'), let ipy be the 
morphism in C defined by ipy = ipB ■ Then Lemma 16.2.81 implies that 
the map ip which sends each y to ipy is a natural transformation from 
Incu oU to Ic- 

Lemma 16.2.81 also implies that each ipy is a universal morphism from 
U to y for each object y = (S, A') in C. Indeed, consider a universal 
compact quantum group x = {A, A) and a morphism n : x ^ y in C. 
Then is an isomorphism and tt' = tTu o ^p^^ : (A, A) — (B^, A^) is 
clearly the unique morphism in U{x, Uy) such that tt = ipy o n' . □ 

Equivalence ofTZ andU. It follows from Propositions 16.2.^ and 1^2.101 
that R\u H U\ti is an adjunction from U to 71. To see that this is an 
adjoint equivalence, we will use the following: 

Proposition 6.2.11. Let {A, A) be a compact quantum group. Then: 

(i) U9a = (6'a)u i'S an isomorphism in lA; 

(ii) RipA = {'^a)t: is an isomorphism in TZ. 
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Proof, (i) Lemma [6. 2. 8t applied to 9a, gives that 

(^a)u : (^u,A,) ^ ((A,)„(Ar),) 

is a morphism in U satisfying ipA,. o (6'a)u = "ipA- 

Since 9a is injective on A, the map 9a{cl) ^ a ^ A C gives a 
well-defined homo morphism from 9a{A) to A^^. Hence, by universality, 
it extends to a homomorphism from (Ar)u to A^, which is easily seen 
to be a morphism in U and the inverse of (^yi)u- 

(ii) Lemma 16.2.4^ applied to ipA, gives that 

{ijA\ : (K)„(A,)r) ^ (A,, A,) 

is a morphism in 7^ satisfying ('i/'A)r ° = ^'yi o ipA- As ('i/'A)r ° 
= 9a° ipA is surjective (because and ipA are both surjective by 
construction), it is clear that (V'A)r is surjective. 

Moreover, as o 9a ° ipA is the Haar state of (A^, Au) and h^. is 
faithful, we have ker(^yi o iPa) = Na^ = ker(^Au)- Since {'ipA)r ° 9a^ = 
9a o i^A, it readily follows that {;ipA)r is injective. 

Hence, {ipA)r is a bijection. But any quantum group morphism which 
is a bijection is easily seen to be an isomorphism in C. So {iIja)v is an 
isomorphism in TZ. □ 

Theorem 6.2.12. The adjunction R\u H U\'ji is an adjoint equiva- 
lence. In particular, the categories TZ and hi are equivalent. 

Proof. Proposition l6.2.lT] (i) (respectively (ii)) implies that the adjunc- 
tion R\ij H U\ti satisfies condition (iv) (respectively (viii)) in Theorem 
14. 3[ As U (respectively 71) is full. Theorem 14.31 gives that the unit 
(respectively the counit) of this adjunction is a natural isomorphism. 
Hence, the assertion follows. □ 

Remark 6.2.13. Proposition \i).2.lT\ may be reformulated by saying that 
{Rx, 9x o ipx) is an initial object in Ux ITZ and {Ux, 9x o V'x) is a final 
object in U l Rx for each x G Obj C ( cf. Theorem 13. 4|) . which means 
that Hypothesis 15.11 and its dual analog are satisfied. Being surjective 
by construction, tpx is an epimorphism in C for each x G Obj C, so we 
can conclude from Corollary 15.61 that U and R are faithful. 

6.3. Other examples. Here we describe two other examples of the 
maximal-normal equivalence, in which the subcategories are not only 
equivalent but in fact isomorphic. These concern tensor products and 
group representations, and it should be clear that one can readily con- 
struct an abundance of such examples. 
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Tensor products. We show that the categories of maximal and minimal 
C*-tensor products are equivalent, indeed isomorphic^ More precisely, 
we show that, for a fixed C*-algebra D, the categories of maximal 
tensor products A ®max D and minimal tensor products A (8>min D are 
isomorphic. We thank Chris Phillips for this suggestion. 

We could easily have done everything with both variables free, i.e., 
allowing D to vary as well as A, but we merely wanted to present 
examples, and the result we establish is more readily compared with 
the maximal-normal equivalence for coactions. To see the relation, let 
G be a locally compact group, and take D = C*{G). For any C*- 
algebra A, let l be the trivial action of G. Then the full and reduced 
crossed products are 

A x,G = A®maxC*(G) and A y<,^r G = A ^rnmC*{G), 

and in each case the dual coaction is trivial. The maximal-normal 
equivalence relates the maximal coaction [A xi^ G,T) to its normaliza- 
tion [A XI t r G, i"), i.e., the maximal tensor product A ®max G*{G) to 
the minimal one A ®min G*{G), both with the trivial coaction. The 
"maximal-normal isomorphism" we exhibit here relates only the G*- 
algebras A(8)„iaxC*(G) and A(g),^i^G*{G) (not A(g)^i,,G*{G)); thus the 
comparison is not perfect (and so even in with D = G*{G) the results 
we present here are not a special case of the maximal-normal equiva- 
lence for coactions), but clearly there is a strong similarity between the 
two types of equivalence. 

Fix a C*-algebra D. Our ambient category C will comprise G*- 
tensor products with D. More precisely, the objects in C are pairs 
{A, a), where A is a C*-algebra and a is a C*-norm on the algebraic 
tensor product A Q D; and a morphism vr : {A, a) — {B, r) in C is a 
C*-homomorphism n : A ^ B such that the homomorphism 

TT Qid : AQ D ^ B Q D 

between the algebraic tensor products is o" — r bounded. 

Thus, for any object {A, a) in C, id^ : (A, max) — )■ {A, a) and 
id^ : {A, a) — (A, min) are morphisms in C, where max and min 
denote the maximal and minimal C*-norms, respectively. Also, any 
C*-homomorphism ir : A ^ B gives two morphisms vr : {A, max) — )■ 
[B, max) and vr : [A, min) — {B, min) in C. 

A moment's thought reveals that C really is a category: the identity 
morphism on an object [A, a) is id^, and the composition of morphisms 
71 : {A, a) {B, t) and : (5, r) ^ (C, 7) is o vr : {A, a) (C, 7). 



course, the tensor-product C* -algebras themselves will usually not be 
isomorphic! 
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Our subcategories Ai and JV will comprise the maximal and mini- 
mal tensor products, respectively. That is, Ai is the full subcategory 
of C with objects of the form (A, max), and A/" is the full subcategory 
with objects of the form {A, min). The following proposition is almost 
trivial. 

Proposition 6.3.1. The subcategories Ai and M of C are coreflective 
and reflective, respectively. 

Proof. To show that Ai is coreflective, we must construct a right adjoint 
M of the inclusion functor Incj^ : Ai ^ C. It suffices to find, for each 
object {A, a) in C, a universal morphism {M{A,a),ip^A,a)) from to 
{A, a), because there would then be a unique way to extend M to a 
right adjoint such that ip : Inc;v4 °M :— )■ Ic is a natural transformation. 
So, let (5, max) be an object in Ai, and let vr : (5, max) — )■ {A, a) be 
a morphism. 

Then obviously vr : {B, max) {A, max) is the unique morphism 
making the diagram 

{B, max) 
I 

n I ! 
Y 

{A, max) — — ^ (A, a) 

commute, so we can take 

M{A, a) = {A, max) and 4'{a,ct) = id^i 

It is just as easy to construct a left adjoint for the inclusion functor 
IncAT -.Af^C. □ 

Note that the adjunctions Inc_A4 H M and H Inc^/" implicitly con- 
structed in the above proof are given by 

M{A, a) = (A, max) Mvr = vr 

N{A, a) = {A, min) A^vr = tt, 

where (A, a) and vr are an object and a morphism, respectively, of C. 
Moreover, the counit of Incx H M and the unit of A^ H Inc^ are both 
given by identity maps: 

^{A,a) = id^ : {A, max) (A, a) 

d(A,a) = idA : {A, a) {A, min) 

We could now apply the results of Sections H] and [5l after verifying 
the relevant hypotheses therein, but in this context all this reduces 
to almost a triviality, and in fact the restriction is not only an 
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equivalence, but in fact an isomorphism of subcategories: N\m and 
M\j^ are easily seen to be inverses of each other. 

Remark 6.3.2. The components of both the counit ip : Inc^ oM — j- Ic 
and 6 : Ic Inc^r °N are both monomorphisms and epimorphisms, 
since these components reduce to id^ for each object (A, a). Of course, 
in spite of all this we must still keep in mind that neither the counit 
nor the unit is an isomorphism. 

Group representations. Another example of the "maximal-normal iso- 
morphism" is given by group representations weakly containing the 
trivial representation. More precisely, this time our ambient category 
C will have 

• objects: triples (G, where G is a locally compact group, 
A is a G*-algebra, and u : G ^ M{A) is a strictly continuous 
unitary homomorphism that weakly contains the trivial rep- 
resentation 1g : G — )■ C (given by IgI-s) = 1 for all s G G), 
and for which the associated morphism vr^ : G*(G) Am C* 
maps G*(G) onto A] 

• morphisms: (0, vr) : (G, m. A) — )■ (if, t", B) in C means that 
: G — )■ if is a continuous homomorphism, tt : A — )■ i? is a 
morphism in C* and the diagram 

G M{A) ^ -^A 




H^M{B) 

commutes. 

Thus, for each object (G, m. A) in C, the weak containment hypothesis 
means that there is a morphism 7^ in C* making the diagram 

G M{A) ^A 




commute. It is routine to check that this is a category. 

This time, our full subcategories M. and N will have objects of 
the form (G, 2g,G*(G)) and (G, 1g,C), respectively, where iq '■ G ^ 
M{G*{G)) is the canonical inclusion. 

Proposition 6.3.3. The subcategories and Af of C are corefiective 
and reflective, respectively. 
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Proof. As usual, it suffices to find, for each object {G, u, A) of C, a 
universal morphism {M{G,u, A),ip(^G,u,A)) from JH to {G,u,A), and a 
universal morphism {N{G,u, A),9(^g,u,a)) from {G,u,A) to J\f. Note 
that we have a commutative diagram 



M{G*{G)) ^C*{G) 




Claim: it follows that we can take 

M{G,u,A) = iG,tG,C*iG)) 

'^{G,u,A) = (idcVT^) 

N{G,u,A) = {G,1gX) 
Q{G,u,A) = (idG,7«)- 
To verify the claim, first we show that 

(idG,vrJ:(G,2G,C^*(G'))^(G,M,A) 

is final in the comma category M. J, (G, m. A): 

Given an object {H,iH,G*{H)) in Ai and a morphism 
(0,0;) : {H,iH,G*{H)) {G,u,A), we must show that the 

diagram 

{H,ZH,G*{H)) 

(a,r) I ! 

(G,iG'c*iG))^—^(G,u,A) 

can be uniquely completed. We will show that we can take 

(a,r) = (0,C*(0)), 

where C*(0) : C*{H) C*{G) is the morphism in C* corresponding 
to the continuous homomorphism cf) : H ^ G. First of all, note that 
(0,C*(0)) : {H,iH,G*{H)) {GJg,G*{G)) is a morphism in C (in 
fact, in Ai, since Ai is full and both objects are in A^), by the universal 
property of group C*-algebras. Of course = id^ o 0, so it remains to 
show that 

U = 7luO C*(0) 
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in C*. This time, because we are "mixing categories", we take some 
care with the "barring" of nondegenerate homomorphisms into multi- 
pher algebras (see [H Appendix A]). So, we must show that 

vf;; o C*(0) = a; : C*{H) M{A). 

Since all the above homomorphisms are nondegenerate, it suffices to 
show that 



w;; o C*{(t)) =iJ: M{C*{H)) M{A). 

Furthermore, by the universal property of group C*-algebras it suffices 
to show that the above equation holds after pre-composing both sides 
with in: H ^ M{C*{H)): 



TJu o C*{(j)) o if^ = o C*{(j)) o ifj (properties of barring) 

= o o ((05 C*{(j))) is a morphism) 

= uo (j) (universal property of 7r„) 

= ujoiH ((0, oj) is a morphism). 

To finish, we need to verify that 

(idG,7j:(G',M,A)-^(G,lG,C) 

is initial in the comma category (G, u. A) \. M: given an object 
(i/, l/f, C) in M and a morphism (0,0;) : (G, m,A) — j- (//,!//,€), we 
must show that the diagram 

(G,u,A)^^\g,1g,C) 




can be uniquely completed. We will show that we can take (a, r) = 
(0, idc). Again, the only nontrivial thing to show is a; = idc 07^ = 7m- 
Note that 7^ : A — )■ C is the unique homomorphism such that 7^ o u = 
1(7. Thus the following computation finishes the proof: 

uj o u = 1h o (p = 1g- n 

Proposition 6.3.4. With the above notation, the restriction N\ji^ : 
Ai ^ M is an isomorphism of categories. 

Proof. Again A^|^ and M\j^ are easily seen to be inverses of each other. 

□ 
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Appendix A. 

In this appendix we take the opportunity to reinterpret much of 
the existing theory of coaction crossed products in the present, more 
categorical, context. 

To begin, we exphcitly record a few properties of the category C*. 
Since C{G) is obtained from C* by adding extra structure, some of the 
following observations will be relevant for C{G) as well. 

A morphism (p : A ^ B in C* is a monomorphism if and only it 
is injective. Thus, monomorphicity is completely determined by the 
kernel. What about epimorphicity? One direction is elementary: If 
(j) : A ^ B in C* and is surjective {i.e., (piA) = B), then is an 
epimorphism. Of course, the converse is false for general morphisms in 
C*. For example, if 0(A) properly contains A then is an epimorphism 
in C*. There is a positive result, which does not seem to have become 
a standard tool among operator algebraists: 

Lemma A.l ([6]). Suppose (p : A ^ B is a homomorphism — so we 
are requiring to map A into B itself rather than merely M{B). Then 
is an epimorphism in C* if and only if it is surjective. 

The above results lead to an obvious question, which does not seem 
to be addressed in the literature: if : A — )■ 5 is an epimorphism 
in C*, must 0(A) D Bl 

Factorizability in C* is also often controlled by kernels: ii ip : A ^ B 
and -0 : A — C in C*, with surjective, then there is a morphism p 
in C* making the diagram 




commute if and only if ker C ker -0, and moreover p is unique. We do 
not know whether the conclusion still holds if we weaken the surjectivity 
hypothesis on to epimorphicity of in C*. 

The above factorizability criterion carries over to C{G) (a routine 
diagram chase shows the required equivariance) : if : {A, 5) — t- {B,e) 
and -0 : {A, 6) (C*, 7) in C{G), with surjective, then there is a 
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morphism p in C{G) making the diagram 

(A^) — (5,^) 




(C,7) 

if and only if ker C ker ?/^, and moreover p is unique. 

Lemma A. 2 ([131 Lemma 1-11]). Every morphism fi : Co{G) — )■ B 
in C* implements an inner coaction Ad p of G on B, and all inner 
coactions are normal. 

Of course "Ad p" is an abuse of notation — it is intended to be in an 
obvious way dual to the notation Ad u for the inner action determined 
by a strictly continuous unitary homomorphism u : G ^ M{B). The 
notation stands for the morphism Ad p : B ^ B®G*{G) in C* defined 

by 

Mp{b) = AdpiS)id{wG){b®l), 

where wq denotes the unitary element of M{Go{G) ® G*{G)) deter- 
mined by the canonical embedding G M{C*{G)). 

Lemma A. 3. Let {A, 6) be a coaction, and let p : Go{G) B and 
vr : A — 7- 5 in C* . Then the pair {iT,p) is a covariant homomorphism 
of {A, 6) in M{B) if and only if n is 6 — Ad p equivariant. 

We will show presently that the crossed-product functor for coac- 
tions is right-adjointable. Of course, this will follow from the universal 
property of crossed products. It will be a little clearer to consider 
this universality for an individual coaction first. Let's recall Raeburn's 
definition of crossed product: 

Definition A. 4. Let (77, v) be a covariant homomorphism of a coaction 
(A, 5) in M{G). Then (C, 77, v) is a crossed product of (A, 5) if for every 
covariant homomorphism (vr,/i) of (A, 5) in M{B) there is a unique 
morphism p in C* making the diagram 

(A.l) A^c^CoiG) 




commute. The existence of p is expressed by saying that (tt, p) factors 
through {rj, u), and existence and uniqueness together are expressed by 
saying that (vr,/i) factors uniquely through {t],!/). 
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Remark A. 5. In addition to the above axioms, Raeburn explicitly 
hypothesizes that the C*-algebra C is generated by products of the 
form ri{a)v{f) for a & A and / G Cq{G). This hypothesis is redundant: 
the theory of crossed products tells us that if {C,!],^) and (Z),cr, w) 
are crossed products of {A, 6), then there is a unique isomorphism 6 : 
C D such that 6 o rj = a and 6 o u = u in C*. Since there is 
at least one crossed product (C, rj, u) for which C is generated b}0 
the set of products ri{A)h'{Co{G)), it must therefore be true for every 
crossed product {D,a,u). That being said, we can nevertheless turn 
this redundancy around to find a useful replacement for the uniqueness 
clause: 

Lemma A. 6. Let [rj, u) be a covariant homomorphism of a coaction 
{A, 5) in M{C), and suppose that every covariant homomorphism of 
(A, (5) factors through {ri,fi). Then {C,ri,u) is a crossed product of 
[A, 6) if and only if C is generated by r]{A)u{CQ{G)) . 

We will use Lemma [A.SI to show that crossed products give universal 
morphisms. We need a functor: 

Notation A. 7. Ad denotes the functor that takes an object of 
Co{G) I C* to the object {B, Ad fi) of C{G), and takes a morphism -i/; 
in Gq{G) I C* to ip, now regarded as a morphism in C{G). 

Note that the above definition of Ad makes sense on morphisms, 
because if ip : {B,fi) — )■ (C, i^) in Go{G) | C* then (computing in the 
usual category of C*-algebras and *-homomorphisms) 

AdVWid{w G){i^{b) ® 1) = ij o fi®id{wG){i'{b) ® l) 

= V^(g)id(Ad^®id(6 ® 1)), 

so that (Ad o ^p = {ijj (g) id) o (Ad yu) in C*. 

Lemma A. 8. Let {A, 6) be a coaction of G, let (C, z/) be an object in 
Go{G) ; C*, and let r] : {A, 6) -> (C,Adi/) m C{G). If {G,rj,u) is a 
crossed product of (A, 5) then {G, u, rj) is a universal morphism from 
{A, 5) to the functor Ad. 

Proof. Let {B,fi) be an object in Go{G) i C*, and let vr : {A, 6) — )■ 
{B, Ad fi) in C{G). By Lemma [A. 31 the pair (7r,/i) is a covariant homo- 
morphism of {A, 6) in M[B). Thus, since (C, ?7, v) is a crossed product 
of (A, 5) there is a unique morphism p : C — t- i? in C* making dia- 
gram flA.l|) commute. Then p : (C, z/) (-B, /i) in Gq{G) | C*, so p 



in fact is the closed span of 
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is also a morphism from (C, Adi^) to {B,Adfi) in C{G), and it is the 
unique such morphism making the diagram 

(A.2) {A,6) ^^{C, Ad u) 

I 

! I P 

{B,Adfi) 

commute. We have shown that (C, u, 77) is a universal morphism from 
{A, S) to Ad. □ 

Question A. 9. Is the converse of the above lemma true? That is, 
if (C, u, rj) is a universal morphism from {A, 6) to Ad, is (C, 77, u) a 
crossed product of {A, 6)7 The naive approach would be to take any 
covariant homomorphism (vr,yu) of {A,S) in M{B), then note that by 
Lemma lA.31 we have a morphism vr : {A, 6) {B, Ad fi) in C{G), 
so by universality we have a unique morphism p in C{G) making the 
diagram f lA.2|) commute. But this only says that the coactions Ad fi 
and (Ad p) o u on B coincide, which does not imply that fi = p o u. 

Now we promote the above universal property to a functor: once we 
choose a universal morphism {A xs G,jG,jA) for each coaction {A, 6), 
there is a unique functor from C{G) to Go{G) J, C* that takes an object 
{A, 6) to {A Xs Gjjc) and is a left adjoint to the functor Ad. 

Definition A. 10. The above functor, taking {A, 6) to {A XsGjjc), is 
the crossed-product functor, denoted by 

CP : C{G) Go{G) i C*. 

The value of CP on a morphism (p in C{G) is written (p x G. 

The above discussion can be summarized by: 

Corollary A.ll. CP is a left adjoint for Ad, with unit j : 1c(g) ~^ 
AdoCP given by 

j{A,S) = 3 A ■■ (A 5) ^ {Axs G,Jg). 

The following easy observation is another summary of the above dis- 
cussion, and follows from essential uniqueness of universal morphisms: 

Corollary A. 12. Let {rj^v) he a covariant homomorphism of a coac- 
tion {A, 5) in M{C). Then (C, z/, 77) is a crossed product of {A, 6) if 
and only if 

T] X u : A Xs G G 
is an isomorphism in C*. 
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Lemma A. 13 ("Epi-mono factorization" in C{G)). If (j) : {A, 5) — )■ 

{B,e) in C{G), then there is a unique coaction 7 on 4>{A) such that the 
diagram 

(A — (0(A), 7) 




{B,e) 

commutes in C{G). Moreover, 7 is normal if e is. 

Proof. We claim that 7 = e\^{A) does the job. First, note that 



e{(j){A)) = (j) ® id{6{A)) 



C 0® id(M(A®G*(G)) 
C M{(I){A)®C*{G)). 

Further, 7 is injective since e is injective on M{B), and 7 satisfies the 
coaction identity because e does. Finally, 

7(0(A)) (Imwa)) ® G*{G)) = e(0(A)) ® C*iG)) 

= 0¥Id(5(A))(lM(B)®C*(G)) 



= 0^id(^5(A)(lM(A)®C*(G)) 

which has closed span (f){A) (g) G*{G) since S{A){1 ® G*{G)) has closed 
span A(g)G*{G). 

For the last part, suppose that e is normal. The inclusion map gives 
a morphism l : (0(A), 7) ^ {B,s), so we have a commutative diagram 

0(A) B 



3b 



0(A) x,G — i?x,G 

in C*. Since js and t are injective, so is j0(A), so 7 is normal. □ 

As a consequence of the above, we have another effective means to 
recognize normal coactions: 

Corollary A. 14 ([131 Lemma 2.2 and Proposition 2.3]). If {it, fx) is a 
covariant homomorphism of {A, 6) in M{B), then Ad /i restricts to a 
normal coaction 5^ on vr(A) , and then vr : (A, 5) (7r(A), 5^) in C{G). 
Moreover, if vr is injective then it is an isomorphism of (A, 6) onto 
{71(A), 6'^). Thus, {A, 6) is normal if and only if it has a covariant 
homomorphism (vr, /i) with vr injective. 
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Corollary A. 15 ([IHl Proposition 2.5]). For every coaction (A, 5), the 
morphism 

Jax G : AxgG ^ Ja^A) XAdja G 
is an isomorphism. 

Proof. Since Ja '■ A Ja(^) is surjective, by Lemma [A.6I and Corol- 
lary IA.12I it suffices to show that every covariant homomorphism of 
{A,S) factors through (jj^(A) ° jA^ic)^ and then by Lemma lA. 3 1 it suf- 
fices to show that for every morphism tt : (A, 5) — )■ (i?, Ad /i) to an 
inner coaction there is a morphism p making the diagram 

(A.3) ^A,5)^[3a{A),M3g) 

I 

I p 

Y 

(5,Ad/i) 

commute in C{G). Define 

p = V^lj^^A) ■■ Ja{A) M{B). 
Applying Corollary IA.14I to the morphism 

jA ■■ {A, 6) {A xs G, Ad jg), 
then post- composing with the morphism 

71 X fi : {A Xs G, Ad Jg) {B, Ad/i), 
we see that p gives a suitable morphism in C{G). □ 
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